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1CONFORMAL INVARIANTS OF TWISTED DIRAC OPERATORS
AND POSITIVE SCALAR CURVATURE
MOULAY TAHAR BENAMEUR AND VARGHESE MATHAI
Abstract. For a closed, spin, odd dimensional Riemannian manifold pY, gq, we define the
rho invariant ρspinpY, E , H, rgsq for the twisted Dirac operator CEH on Y , acting on sections
of a flat hermitian vector bundle E over Y , where H “ ř ij`1H2j`1 is an odd-degree
closed differential form on Y and H2j`1 is a real-valued differential form of degree 2j ` 1.
We prove that it only depends on the conformal class rgs of the metric g. In the spe-
cial case when H is a closed 3-form, we use a Lichnerowicz-Weitzenbo¨ck formula for the
square of the twisted Dirac operator, which in this case has no first order terms, to show
that ρspinpY, E , H, rgsq “ ρspinpY, E , rgsq for all |H| small enough, whenever g is conformally
equivalent to a Riemannian metric of positive scalar curvature. When H is a top-degree
form on an oriented three dimensional manifold, we also compute ρspinpY, E , Hq.
Introduction
In an earlier paper [8], we extended some of the results of Atiyah, Patodi and Singer
[2, 3, 4] on the signature operator on an oriented, compact manifold with boundary, to
the twisted case. Atiyah, Patodi and Singer also studied the Dirac operator CE on an odd
dimensional, closed, spin manifold, which is self-adjoint and elliptic, having spectrum in the
real numbers. For this (and other elliptic self-adjoint operators), they introduced the eta
invariant which measures the spectral asymmetry of the operator and is a spectral invariant.
Coupling with flat bundles, they introduced the closely related rho invariant, which has the
striking property that it is independent of the choice of Riemannian metric needed in its
definition, when it is reduced modulo Z. In this paper we generalize the construction of
Atiyah-Patodi-Singer to the twisted Dirac operator CEH with a closed, odd-degree differential
form as flux and with coefficients in a flat vector bundle.
More precisely, let X be a 2m-dimensional compact, spin Riemannian manifold without
boundary, E a flat hermitian vector bundle over X and H a closed, odd degree differential
form on Y . Consider the twisted Dirac operator CEH “ c ˝∇E,H “ CE ` cpHq where c denotes
Clifford multiplication, ∇E,H denotes the flat superconnection ∇EX ` cpHq, and ∇E is the
canonical flat hermitian connection on E . Then CEH anticommutes with the usual grading
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involution and it is self-adjoint if and only if
(1) H “
ÿ
ij`1H2j`1
where H2j`1 are real-valued differential form of degree 2j ` 1. It is only in this case that
one gets a generalization of the usual Dirac operator on X, in contrast to the case of the
twisted de Rham complex, cf . [12, 22, 5, 23, 24, 26].
When the compact spin manifold X has non empty boundary and assuming that the
Riemannian metric is of product type near the boundary and that H satisfies the absolute
boundary condition, we explicitly identify the twisted Dirac operator near the boundary
to be CE˜
H˜
“ σ ` BBr ` CEH˘ , where r is the coordinate in the normal direction, σ is a bundle
isomorphism and finally, the self-adjoint elliptic operator given on Ω2hpBX, Eq by CEH is the
Dirac operator on the boundary. CEH is an elliptic self-adjoint operator, and by [2], the
non-local boundary condition given by P`psˇˇBXq “ 0 where P` denotes the orthogonal
projection onto the eigenspaces with positive eigenvalues, makes the pair pCEH ;P`q into an
elliptic boundary value problem. Applying the Atiyah-Patodi-Singer index theorem, and
computing the local contribution when H is closed, we get
IndexpCE˜
H˜
;P`q “ RankpEq
ż
Y
α0pHq ´ 1
2
`
dimpkerpCEHqq ` ηpCEHq
˘
,
where ηpCEHq denotes the eta invariant of the self-adjoint operator CEH and α0pHq is a differ-
ential form which does not depend on the flat hermitian bundle E . This is the main tool
used to prove our results about the twisted Dirac rho invariant, defined below.
Let now Y be a closed, oriented, p2m ´ 1q-dimensional Riemannian spin manifold and
H “ ř ij`1H2j`1 an odd-degree, closed differential form on Y where H2j`1 is a real-valued
differential form of degree 2j ` 1. Denote by E a hermitian flat vector bundle over Y with the
canonical flat connection ∇E . Consider the twisted Dirac operator CEH “ c˝∇E,H “ CE`cpHq
Then CEH is a self-adjoint elliptic operator and let ηpCEHq denote its eta invariant. The twisted
Dirac rho invariant ρspinpY, E , H, rgsq is defined to be the difference
ρspinpY, E , H, rgsq “ 1
2
`
dimpkerpCEHqq ` ηpCEHq
˘´ RankpEq1
2
pdimpkerpCHqq ` ηpCHqq ,
where CH is the same twisted Dirac operator corresponding to the trivial line bundle. Al-
though the eta invariant ηpCEHq is a priori only a spectral invariant, we show that the twisted
Dirac rho invariant, ρspinpY, E , H, rgsq depends only on the conformal class of the Riemann-
ian metric rgs. We compute it for 3-dimensional manifolds with a degree three flux form,
Corollary 3.2. This is done via the important method of spectral flow as in [4, 13]. In section
4, we analyse the special case when H is a closed 3-form, using a Lichnerowicz-Weitzenbo¨ck
formula for the square of the twisted Dirac operator, which in this case has no first order
terms, to show that ρspinpY, E , H, rgsq “ ρspinpY, E , rgsq for all |H| small enough, whenever g
is conformally equivalent to a Riemannian metric of positive scalar curvature.
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The twisted analogue of analytic torsion was studied in [23, 24, 25] and is another source
of inspiration for this paper. We mention that twisted Dirac operators, known as cubic
Dirac operators have been studied in representation theory of Lie groups on homogeneous
spaces [17, 29]. It also appears in the study of Dirac operators on loop groups and their
representation theory [18].
Acknowledgments M.B. acknowledges support from the CNRS institute INSMI especially
from the PICS-CNRS “Progress in Geometric Analysis and Applications”. V.M. acknowl-
edges support from the Australian Research Council. Part of this work was done while the
second author was visiting the “Laboratoire de Mathe´matiques et Applications” at Metz.
1. Twisted Dirac operator and Lichnerowicz-Weitzenbo¨ck formulae
1.1. The twisted analog of the Dirac operator. Assume that X is an oriented manifold
of dimension n “ 2m and that H is given complex differential form of positive degree on X.
We denote by Hˇ and Hˆ the differential forms
Hˇ “
ÿ
kě1
Hk{k and Hˆ “
ÿ
kě1
kHk, if H “
ÿ
kě1
Hk.
We assume that X is endowed with a spin structure and denote by S “ S` ‘ S´ the
Z2-graded spin bundle. We fix a unitary-flat hermitian bundle E ,∇E and denote by γ the
grading involution obtained on S b E .. We are interested in the twisted Dirac operator
CEH “ c ˝∇E,Hˇ where
∇E,HˇX “ ∇EX ` iXHˇ ¨ ,
and ∇E is the canonical flat hermitian connection on E . So
CEH “ CE ` cpHq,
where cpHq is the action of the differential form H by Clifford multiplication on the Clifford
module S b E . Then we have,
Proposition 1.1. In the notation above,
‚ CEHγ “ ´γCEH ðñ H P ΩoddpX,Cq.
‚ The twisted Dirac operator CEH is self-adjoint if and only if
H “
ÿ
kě1
pA4k ` iB4k´2q ` pA4k´1 ` iB4k´3q,
where the differential forms Aj and Bj are real differential forms of degree j on X.
So, in the even dimensional case, it is only in the case H P Ω4‚`3` iΩ4‚`1 that one gets a
twisted version of the usual Dirac operator. When the ambient manifold is odd dimensional,
then we may consider also even forms. Compare with [12, 5, 23, 24]. Notice that this
condition coincides with (and explains) the one obtained for the twisted signature operator
in [8].
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Proof. We have CEH “ CE ` cpHq, where CE is the usual Dirac operator acting on sections
of SpXq b E . It is a classical result that CEγ “ ´γCE and that CE is self-adjoint. Recall
that Clifford multiplication by a differential form of degree j is self-adjoint if and only if j
is congruent to 0 or 3 modulo 4 and is skew adjoint otherwise. This proves the second item.
Recall now that γ is given locally using an orthonormal basis by Clifford multiplication
with the differential volume form
ω “ ime1 ¨ ¨ ¨ e2m.
A straightforward local computation then shows that for any complex differential form α of
degree j, we have cpαq ˝ γ ´ p´1qjγ ˝ cpαq “ 0. 
1.2. Lichnerowicz-Weitzenbo¨ck formulae for odd degree twist. Let H P ΩoddpXq be
a closed differential form of odd degree and cpHq be the image of H in the sections of the
Clifford algebra bundle CliffpTXq. Then ∇E`H is a superconnection on the trivially graded,
flat bundle E over X. Then p∇E ` Hq2 “ dH “ 0 is the curvature of the superconnection
which is flat.
Let CE denote the Dirac operator acting on E-valued spinors on X. If te1, . . . , enu is a
local orthonormal basis of TX, then we have the expression,
CE “
nÿ
j“1
cpejq∇Eej
Let Rg denotes the scalar curvature of the Riemannian metric. Then as shown in [11] the
spinor Laplacian
∆EH “ ´
nÿ
j“1
´
∇Eej ` cpιejHq
¯2
is a positive operator that does not depend on the local orthonormal basis te1, . . . , enu of
TX. Here ιej denotes contraction by the vector ej.
Then the following is a consequence of Theorem 1.1 in [11].
Theorem 1.2 (Lichnerowicz-Weitzenbo¨ck formulae[11]). Let H be a closed, odd degree dif-
ferential form on Y . Then the following identities hold,`CEH˘2 “ ∆EH ` Rg4 ` cpHq2 `
nÿ
j“1
cpιejHq2,
where Rg denotes the scalar curvature of the Riemannian spin manifold X and the last 2
terms on the right hand side satisfy,
cpHq2 `
nÿ
j“1
cpιejHq2 “
ÿ
j1ăj2...ăjk, kě2
p´1q kpk`1q2 p1´ kqcppιej1 ιej2 . . . ιejkHq2q.
As a corollary of Theorem 1.2, one has the following special Lichnerowicz-Weitzenbo¨ck
formula
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Theorem 1.3. [11, 1] Let H be a closed differential 3-form. Then`CEH˘2 “ ∆EH ` Rg4 ´ 2|H|2
where Rg denotes the scalar curvature of the Riemannian spin manifold X and |H| the length
of H.
2. Eta invariants of twisted Dirac operators
In this section, we define rho invariant ρspinpX, E , Hq and eta invariant ηpCEHq of the twisted
Dirac operators. But let us review the boundary Dirac operator first.
Let X be an 2m dimensional compact spin manifold with boundary Y , E a flat hermitian
vector bundle over X and H is a closed, odd degree differential form on X such that
H P Ω4‚`3pX,Rq ‘ iΩ4‚`1pX,Rq.
Denote by S the spin bundle and consider as above the involution γX “ imcXpe1 ¨ ¨ ¨ e2mqb1E
on S b E-sections over X. According to this involution we decompose as usual S b E into
S b E “ S` b E ‘ S´ b E .
We may and shall assume that the local orthonormal basis pekq1ďkď2m is decomposed on
the boundary into the local orthonormal basis pekq1ďkď2m´1 and the inward unit vector
e2m “ B{Br which is orthogonal to the boundary. Clifford multiplication by e2m is denoted
below by σ. We shall then also consider the self-adjoint involution γY “ imcpe1 ¨ ¨ ¨ e2m´1q.
We denote by i˚H the restriction of H to the boundary Y “ BX. We shall say that H is
boundary-compatible if there exists a collar neighborhood p : X – p´, 0s ˆ Y Ñ Y such
that
(2) H|X “ p˚ pi˚Hq.
As usual the spinor bundle SY on the boundary manifold Y for the induced spin structure
from the fixed one on X is naturally identified with S` so that the Clifford representations
are related by:
cY pUq “ ´σ ¨ cXpUq, for U P TY Ă TX.
Lemma 2.1. Under the above assumptions, suppose further that the riemannian metric on
Y and the hermitian metric on E are of product type near the boundary and that the closed,
odd degree differential form H is boundary-compatible. We identify as usual the restriction
of S` to the boundary Y with the spin bundle SY . Then, in the collar neighborhood X, we
explicitly identify the twisted Dirac operator CX,EH with the operator
σ
ˆ B
Br ` C
Y,E|Y
H|Y
˙
,
where CY,E|YH|Y is the self-adjoint elliptic twisted Dirac operator on Y defined as before by
CY,E|YH|Y “ c ˝∇E,HˇBY acting on SpBY q b E.
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Proof. Choose an orthonormal basis pe1, ¨ ¨ ¨ , e2mq as above near a point on the boundary
Y such that e2m “ BBr , σ anti commutes with the grading involution γX and is itself a well
defined involution of S|X . Given a spinor φ P ΓpY,SY b EY q over the boundary manifold Y ,
the pull-back section pi˚ φ is identified with a section of S` b E – p˚ pSY b EY q. Therefore,
for any smooth function f on p´, 0s, we compute
σ ¨ CX,EH pfpi˚ φq “ f
2m´1ÿ
i“1
σcXpeiqpi˚ p∇Yeiφq `
Bf
Br σ
2pi˚ φ` fσpH ¨ pi˚ φq
“ ´f
2m´1ÿ
i“1
cY peiqpi˚ p∇Yeiφq ´
Bf
Br pi
˚
 φ` fσcXpHqppi˚ φq
“ ´fpi˚
˜
2m´1ÿ
i“1
cY peiq∇Yeiφ
¸
´ BfBr pi
˚
 φ´ fpi˚ pcY pHqpφqq
“ ´fpi˚ pCY,E|Y ,H|Y φq ´ BfBr pi
˚
 φ.
Composing again by σ and using σ2 “ ´1, we conclude. 
Let us briefly recall the definition of the eta invariant. Given a self-adjoint elliptic dif-
ferential operator A of order d on a closed oriented manifold Y of dimension 2m ´ 1, the
eta-function of A was defined in [3] as
ηps, Aq :“ Tr1pA|A|´s´1q,
where Tr1 stands for the trace restricted to the subspace orthogonal to kerpAq. By [2, 3, 4],
ηps, Aq is holomorphic when <psq ą 2m´ 1{d and can be extended meromorphically to the
entire complex plane with possible simple poles only. It is related to the heat kernel by a
Mellin transform
ηps, Aq “ 1
Γp s`1
2
q
ż 8
0
t
s´1
2 TrpAe´t rA2q dt.
The eta function is then known to be holomorphic at s “ 0, more precisely by [4] one has:
Theorem 2.2 ([4]). Let A be a first order self-adjoint elliptic operator on the odd dimensional
closed manifold X. Then the eta function ηps, Aq of A has a meromorphic continuation to
the complex plane with no pole at s “ 0. The eta invariant ηpAq of A is then defined as
ηp0, Aq.
The eta-invariant of A is thus defined as
ηpAq “ ηp0, Aq.
Consider now our twisted Dirac operator CEH defined in the previous subsection for general
odd dimensional spin manifold Y and flat bundle E Ñ Y , and which is a self-adjoint elliptic
differential operator and let ηpCY,EH q then denote its well defined eta invariant.
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Following [3], we set
(3) ξspinpY, E , Hq :“ 1
2
`
dimpkerpCEHqq ` ηpCEHq
˘
.
Definition 2.3. The twisted Dirac rho invariant ρspinpY, E , Hq is defined to be
ρspinpY, E , Hq :“ ξspinpY, E , Hq ´ rankpEq ξspinpY,Hq,
where ξspinpY,Hq is the invariant ξ corresponding to the case where the flat hermitian bundle
E is the trivial line bundle.
As for the untwisted case, we denote this reduction of ρspinpY, E , Hqmod Z by ρ¯spinpY, E , Hq.
Then, the reduced twisted rho invariant ρ¯spinpY, E , Hq is independent of the choice of the
Riemannian metric on X and the Hermitian metric on E . It is also a cobordism invariant
of the triple pY, E , Hq. In the case of positive scalar curvature, we shall though be able to
work with the real invariant ρspinpY, E , Hq. These results will be established in section 2.2.
2.1. The twisted Dirac index for manifolds with boundary. The goal of this section
is to review the Atiyah-Patodi-Singer index theorem for the twisted Dirac operator CX,EH with
non-local boundary conditions. Here and as before, E is a unitary flat hermitian bundle on
X and H is a closed, odd degree differential form on X which is boundary compatible and
belongs to Ω4‚`3pX,Rq ‘ iΩ4‚`1pX,Rq. The notation H|Y stands for the restriction i˚H of
H to the boundary manifold BX “ Y . Proposition 2.4 below, can be deduced from [2].
CE˜H is an elliptic self-adjoint operator, and by [2], the non-local boundary condition given by
P`psˇˇBXq “ 0 where P` denotes the orthogonal projection onto the eigenspaces with positive
eigenvalues, yields an elliptic boundary value problem pCE˜H ;P`q. Recall that dimpXq “ 2m.
By the Atiyah-Patodi-Singer index theorem [2, 4] and its extension in [14], we have
Proposition 2.4. In the notation above,
IndexpCX,EH ;P`q “ RankpEq
ż
X
α0pHq ´ ξspinpY, E |Y , H|Y q.
where ξspinpY, E |Y , H|Y q is as defined in equation (3) and α0pHq is the local contribution
given by the APS theorem.
Remark 2.5. The precise form of α0pxq is unknown for general H. However in the case when
H “ 0, the local index theorem cf. [10] establishes that the Atiyah-Singer pA-polynomial
applied to the curvature of the Levi-Civita connection, wedged by the Chern character of
the flat bundle E , is equal to α0pxq is equal to times the rank of E . In the case when degree of
H is equal to 3, it follows from a result of Bismut [11] that the Atiyah-Singer pA-polynomial
applied to the curvature of a Riemannian connection defined in terms of the Levi-Civita
connection together with a torsion tensor determined by H, wedged by the Chern character
of the flat bundle E , is equal to α0pxq times the rank of E . The proof that in general, one
also gets α0pxq times the rank of E is exactly as argued in the Appendix to [8].
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2.2. Conformal invariance of the twisted spin eta and rho invariant. Here we prove
the twisted spin rho invariant ρspinpX, E , H, rgsq depends only on the conformal class rgs of
the Riemannian metric g on X and the Hermitian metric on E needed in its definition. The
proof relies on the index theorem for twisted Dirac operator for spin manifolds with bound-
ary, established in Proposition 2.4. We also state and prove the basic functorial properties
of the twisted spin rho invariant.
Conformal variation of the Riemannian metrics. We assume that X is a compact spin
manifold of dimension p2m´ 1q. Let g be a Riemannian metric on X and gE , an Hermitian
metric on E . Suppose that g is deformed smoothly and conformally along a one-parameter
family t P R. The Dirac operator CX,Eg acting on the bundle of spinors over pX, gq, is
conformally covariant according to [19], where gˆ “ efg, for f a smooth function on X,
(4) CX,Egˆ “ emf ˝ CX,Eg ˝ e´pm´1qf .
It follows that the twisted Dirac operator, CX,EH is also conformally covariant with the same
weights. Then we have,
Theorem 2.6 (Conformal invariance of the spin rho invariant). Let Y be a compact, spin
manifold of dimension 2m´1, E, a flat hermitian vector bundle over Y , and H “ ř ij`1H2j`1
an odd-degree closed differential forms on Y and H2j`1 is a real-valued differential form
homogeneous of degree 2j ` 1. Then the spin rho invariant ρspinpY, E , H, rgsq of the twisted
Dirac operator depends only on the conformal class of the Riemannian metric on Y .
Proof. Consider the manifold with boundary X “ Y ˆ r0, 1s, where the boundary BX “
Y ˆ t0u ´ Y ˆ t1u. Choose a smooth function aptq, t P r0, 1s such that aptq ” 0 near t “ 0
and aptq ” 1 near t “ 1. Consider the metric h “ e2aptqf pg ` dt2q on X, which is also of
product type near the boundary, and let pi : X Ñ Y denote projection onto the first factor.
Figure 1.
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Applying the index theorem for the twisted Dirac operator, Proposition 2.4, we get
(5) Index
´
CX,pi˚pEqpi˚pHq , P`E
¯
“ RankpEq
ż
X
αH0 ` ξspinpCEH , gq ´ ξspinpCEH , gˆq.
On the other hand, applying the same theorem to the trivial bundle RankpEq of rank equal
to RankpEq, we get
(6) Index
´
CX,RankpEqpi˚pHq , P`
¯
“ RankpEq
ż
X
αH0 ` RankpEq rξspinpCH , gq ´ ξspinpCH , gˆqs .
Subtracting the equalities in (5) and (6) above, we get
(7) ρspinpY, E , H, gq ´ ρspinpY, E , H, gˆq “ Index
´
CX,pi˚pEqpi˚pHq , P`E
¯
´ Index
´
CX,RankpEqpi˚pHq , P`
¯
.
Each of the index terms on the right hand side of (7) has been shown in [2] to be equal to
the L2-index of Xˆ, which is X together with infinitely long metric cylinders glued onto it at
BX, plus a correction term (the dimension of the space of, limiting values of right handed
spinors). The L2-index is a conformal invariant by (4), and similarly, the correction term is
also a conformal invariant. It follows by (7) that
ρspinpY, E , H, gq “ ρspinpY, E , H, gˆq.

3. Spectral flow and calculations of the twisted Dirac eta invariant
3.1. Spectral flow and the twisted Dirac eta invariant. We employ the method of
spectral flow for a path of self-adjoint elliptic operators, which is generically the net number
of eigenvalues that cross zero, which was first defined by [4], to get another formula for the
difference ηpCEHq´ηpCEq. Extensions of spectral flow to families using entire cyclic cohomology
recently appeared in [6].
Let pY, gq be an odd-dimensional Riemannian spin manifold. Define S´H P Ω1pY,SOpTY qq,
which is a degree one form with values in the skew-symmetric endomorphisms of TY , as fol-
lows. For α, β, γ P TY , set
gpS´Hpαqβ, γq “ ´2Hpα, β, γq.
Let ∇L denote the Levi-Civita connection of pY, gq and ∇´H “ ∇L`S´H be the Riemannian
connection whose curvature is denoted by Ω´HY .
Proposition 3.1. Let Y be as before a p2`´ 1q-dimensional closed, spin, Riemannian man-
ifold and E is a flat vector bundle associated to an orthogonal or unitary representation of
pi1pY q. Let H P Ω3pY,Rq be a closed 3-form such that the Dirac operators CE and CEH are
both invertible, then
sfpCE , CEHq “ RankpEqp´2piiq``1
ż
Y
H ^ pApΩ´HY q ` 12pηpCEHq ´ ηpCEqq,
9
where pAp¨q denotes the A-hat genus polynomial, Ω´HY denotes the curvature of the Riemann-
ian connection ∇´H and sfpCE , CEHq denotes the spectral flow of the smooth path of self-adjoint
elliptic operators tCEuH , : u P r0, 1su.
Proof. By theorem 2.6 [13],
sfprCE ,rCEHq “ ´ pi¯1{2
ż 1
0
Tr
´
cpHq ˝ e´CEuH2
¯
du` 1
2
pηpCEHq ´ ηpCEqq
where rCEH denotes the operator CEH`PE,H where PE,H denotes the orthogonal projection onto
the nullspace of CEH . Following the idea of the proof of Theorem 2.8 in [13] the technique
of [10], and the Local Index Theorem 1.7 of Bismut [11] (here the fact that H is a closed
3-form on Y is used), we may make the following replacements:
1{2cpHq by H^
e´p
1{2CEuHq2 by pApΩ´HY q ^ epd`uHq2
Trp¨q by ´ipi
1{2
p´2piiq``1
ż
Y
trp¨q
This then enables us to replace
´ 
pi
¯1{2 ż 1
0
Tr
´
cpHq ˝ e´CEuH2
¯
du by
RankpEq
p´2piiq``1
ż
Y
H ^ pApΩ´HY q,
and the proposition follows. 
As a special case of Proposition 3.1, one obtains the following calculation,
Corollary 3.2. Let Y is a compact spin Riemannian manifold of dimension 3 and E is
a flat vector bundle associated to an orthogonal or unitary representation of pi1pY q. Let
H be a closed 3-form on Y . Consider the smooth path of self-adjoint elliptic operators
tCEuH , : u P r0, 1su and assume that the Dirac operators CE and CEH are both invertible. Then
ηpCEHq ´ ηpCEq “ 2 sfpCE , CEHq ` h2pi2
where h “ rHs P R – H3pY,Rq.
4. Positive scalar curvature
Here we give applications of our results to closed spin manifolds that admit a Riemann-
ian metric of positive scalar curvature. Foundational works on metrics of positive scalar
curvature are due to for instance [15, 27, 28, 16]. Viewing the eta and rho invariant of the
Dirac operator as an obstruction to the existence of Riemannian metrics of positive scalar
curvature on compact spin manifolds was done in [20], obstructions arising from covering
spaces using the von Neumann trace in [21, 7] and on foliations in [7, 9], are some amongst
many papers on the subject. As a corollary to Theorem 1.3 one has,
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Corollary 4.1. In the notation of Proposition 3.1, if the scalar curvature Rg of the odd-
dimensional, compact Riemannian spin manifold Y is positive, then there exists u0 ą 0 such
that for all u P r0, u0s, the twisted Dirac operator CEuH has trivial nullspace, where H is a
closed degree 3 form on Y . In particular, the spectral flow sfpCE , CEu0Hq of the family of twisted
Dirac operators tCEuH
ˇˇ
u P r0, u0su is trivial and we deduce that,
ηpCEuHq ´ ηpCEq “ ´u RankpEqp´4piiq``1
ż
Y
H ^ pApΩ´uHY q
Therefore for all u P r0, u0s, one has
ρspinpY, E , uH, rgsq “ ρspinpY, E , rgsq.
Corollary 4.1 above establishes conformal obstructions to the existence of metrics of pos-
itive scalar curvature. By Proposition 2.4 and Theorem 1.3, we have
Corollary 4.2. Let X be an even dimensional Riemannian spin manifold with spin boundary
BX “ Y . Let rH be a closed degree 3 form on X which restricts to the closed degree 3-form
H on the boundary Y . Let Ω´u rHX denote the curvature of the Riemannian connection on X
with torsion tensor determined by rH and suppose that the scalar curvature Rg ą 0. Suppose
also that the flat bundle rE on X restricts to the flat bundle E on Y . Then there exists u0 ą 0
such that for all u P r0, u0s,
RankpEq
ż
X
pApΩ´u rHX q “ ηpCEuHq,
so that
ηpCEuHq ´ ηpCEq “ RankpEq
ż
X
” pApΩ´u rHX q ´ pApΩXqı .
Therefore for all u P r0, u0s, one has
ρspinpY, E , uH, rgsq “ ρspinpY, E , rgsq.
The proof of the following uses the Gromov-Lawson-Rosenberg conjecture [15, 27] and
Corollary 4.1.
Corollary 4.3. Let Y be a closed odd dimensional Riemannian spin manifold with positive
scalar curvature. Suppose that the Gromov-Lawson-Rosenberg conjecture [15, 27] holds for
the fundamental group Γ of Y and that H is a closed 3-form on Y such that rHs “ f˚pcq
where c P H3pBΓq and f : Y Ñ BΓ is a continuous map. Then there exists u0 ą 0 such that
for all u P r0, u0s,
ηpCEuHq “ ηpCEq.
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CONFORMAL INVARIANTS OF TWISTED DIRAC OPERATORS
AND POSITIVE SCALAR CURVATURE - CORRIGENDUM
MOULAY TAHAR BENAMEUR AND VARGHESE MATHAI
Thomas Schick pointed out to us that Formula (4) in [1] does not extend to the twisted
case as claimed. Therefore, the sentence in [1] (right after formula (4)):
“It follows that the twisted Dirac operator CX,EH is also conformally covariant with the same
weights”
is incorrect.
We now give the correct statement. We keep the notations of [1] and set for instance
H “ řj ij`1H2j`1. Then with
Hu :“
ÿ
j
e´p2j`2quij`1H2j`1 and CugHu “ Cug ` cˆpHuq.
and with cˆ denoting the Clifford representation associated with the new metric ug, we have
for any spinor ψ,
CugHupe´
n´1
2
u ψˆq “ e´n`12 uyCgHψ.
This is the content of Proposition 1.1 in [2]. The conformal invariance of the twisted rho can
be stated as follows (this is Theorem 1.3 in [2] and should now replace Theorem 2.6 in [1]):
Theorem 0.1 (Conformal invariance of the spin rho invariant). The spin rho invariant
ρspinpY, E , H, gq of the twisted Dirac operator depends only on the conformal class of the pair
pH, gq. Said differently,
ρspinpY, E , Hu, ugq “ ρspinpY, E , H, gq
We notice that the conformal invariance theorem was only stated in [1] and not used at all
in the sequel of that paper. We also point out that the above theorem 0.1, although proved
for general u, is only used in the case of constant u in [2].
2010 Mathematics Subject Classification. Primary 58J52; Secondary 57Q10, 58J40, 81T30.
Key words and phrases. twisted Dirac rho invariant, twisted Dirac eta invariant, conformal invariants,
twisted Dirac operator, positive scalar curvature, manifolds with boundary.
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